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1. Introduction 

We prove a support theorem for the radiation fields on asymptotically Euclidean manifolds with metrics 
which are warped products near infinity. It generalizes to this setting the well known support theorem for 
the Radon transform in R™. The main reason we are interested in proving such a theorem is the possible 
application to the problem of reconstructing an asymptotically Euclidean manifold from the scattering 
matrix at all energies, see [14] . 

An asymptotically Euclidean manifold 12. 8 is a C°° compact manifold X with boundary dX, which 
is equipped with a C°° Riemannian metric g that in a collar neighborhood of the boundary dX satisfies 

dx 2 h(x) 

(1.1) 9=— + ^r, m [0,e)xdX, 

where a; is a defining function of dX and h is a C°° one parameter family of metrics on dX. The basic 
example is the radial compactification of R™ , [12] • 

In this paper will consider the class of metrics g which have the following special form near dX : 

(1.2) g = ^- +1 p( x )^ t xe[0,e), 

where rp € C°°([0, e)), ip(x) > 0, ip(0) — 1, and ho is a C°° metric on dX. These are known as warped 
product metrics |llj . 

We consider the wave equation on X. Let A g be the Laplace operator on X, and let u(t, z) satisfy 

(D 2 - A g )u(t, z) = on R X X, 
" " «(0) = /i, D t u(0) = f 2 , with h,f 2 eC^{X). 

A function / £ C£°(X) if it is C°° and its support does not intersect the boundary of X. 
The following is proved in [H [S] : 

Theorem 1.1. Let x be the boundary defining function for which (jl.ip holds, and let z = (x,y), y S dX, 
be the corresponding boundary normal coordinates in a collar neighborhood of the boundary. Then 

v+(x,s,y) = x'^u{s + -,x,y) £ C°°(R S x [0,6), x dX), 
(1-4) I 

v-(x,s,y)=x 2 u ( s . x .y) e c°°(R s x [0,e) x x dX). 

x 

Fricdlander (4[ [5] defined the forward and backward radiation fields respectively as 
(1.5) 1Z + (f l ,f 2 ) = D s v + (Q,s,y) and ft_(/i,/ 2 ) = D S V-(Q, s,y). 
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Lax and Phillips [5j proved that in 1" the forward (or backward) radiation field is the modified Radon 
transform, that is: 

7M/i,/ 2 )(s,w) = \D S \^ Rh{ S ,Lo) + \D S \^ Rf 2 {s,uo), where 
Rf(s,u>) = / f(z) da, a is the surface measure on (x,uj) = s, is the Radon transform. 

J (x,uj) —s 

Helgason's celebrated support theorem for Radon transforms [5] says that if / is a rapidly decaying 
function in R n and Rf(s,u>) — for s < So, so < (and hence by symmetry Rf(s,uj) = for \s\ > \sq\) 
then / is supported in the ball of radius |so|- The assumption that / is rapidly decaying cannot be 
entirely removed. For example, for any m G N, there are smooth functions f(z) in z G R™ which are 
not compactly supported, decay like |z| _m , and whose Radon transform is compactly supported. See for 
example [B]. 

This is a result in control theory, where the support of a function can be exactly controlled by the 
support of its Radon transform. We want to address the analogue question for Radiation fields. The 
following was proved in [13] : 

Theorem 1.2. If f G C^°(X), g is an arbitrary asymptotically Euclidean metric, and 1Z(0, f)(s,y) = 
for s < -i, x G (0,e), then f = if x < x Q . 

This says that if there exists some x\ G (0, e), such that f(x, y) = for x < X\ , but 7?.+ (0, /)(s, y) = 
for s < — and Xq > x%, then in fact f{x,y) = if x < xq. The purpose of this paper is to discuss the 
following 

Question 1.1. Let (X,g) be an asymptotically Euclidean manifold, and let S(X) be the space of func- 
tions in C°°(X) which are smooth up to dX and vanish to infinite order at dX. If f G S(X) and 
TZ+(0, f)(s, y) = for s < — i, xq G (0,e), is it true that f = if x < xq7 

We answer this question in the affirmative in the following particular case: 

Theorem 1.3. // g is a warped product metric, the dimension of X is greater than or equal to 3, 
f G S{X), andn+{0J)(s,y) = for s < -i, then f = if x < x . 

2. Energy Estimates 

The first step in the proof of Theorem 1 1.31 is to obtain estimates the solution to (|1.3|) up to x — and 

s = — oo. 

The Laplacian with respect to the metric (|1.2|) is, in a neighborhood of dX, given by 
A g = -x 4 d 2 x + (n- 3)x 3 d x - x A A(x)3 x + x 2 ^)- 1 A ho , 

where A(x) — d x log (%j)(x)~ , and A^,, is the Laplacian on dX with respect to the metric ho. In what 
follows it is convenient to get rid of first order terms, so we will work with Q = F(x)^ 1 A g F(x), with 
F(x) = x^~ (ijj(x)) 4 . We get that 

Q = -(x 2 d x ) 2 + x 2 (f>(x)A ho + x 2 B(x), where 
<j>{x) = [i>{x)]-\ B(x) = ( n - 1 K n ~ 3 ) +xBl ( x ), B 1 eC oo ([0,e)). 



The wave equation p.3[) is translated into 
(2.1) 



(d 2 - (x 2 d x ) 2 + x 2 cj>{x)A ho + x 2 B{x))u 



(0) = h(x,y), d t u(0) = f 2 (x,y). 
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Instead of working with coordinates x and s, and the forward and backward radiation fields separately, 
it is better to work with the forward and backward radiation fields simultaneously. So we define 

(2.2) s + = t and s_ = t + -, x > 0. 

x x 

Let u be the solution to the wave equation (|2.1[) . and let w = F{x)u. In coordinates (|2.2[) , 

w{s+,s-,y) = F{ )u( S+ ~l ' S ~ , ,y) 

s_ — s + 2 S- — s+ 

satisfics 
(2.3) 

(«_ - s+fd s+ d s _w + </> ( - 2 _ s ^ j A ho w + B (—?—\ w = 0, 

w(s+,-s+,y) = F( — —,y)fi(- — ,y), 
s+ s+ 

(d s+ w)(s + -s + ,y) = ±F(--L)f 2 (-±,y) + F'(-J-)/ 1 (-J- ! y) + -^F(-J-)/((-J-,y), 

Z .S . ZS i .S\. zs^ .s . .s . 

We want to understand the behavior of w as s+ ~ — oo, and s_ ~ oo and thus we compactify IxX 
by setting 

/i = and v = — 

So 

(2.4) ^,,, y )^(^).fe^, y 
satisfies 

, ^ f( M + ,) 2 ^-0f^)A, loW -i?f^)) W = O, 

(2.5) V \m + *v \v + vJJ 

where 

fx{v,y) = F {^)fl{^,y), and 
7a(/*,y) = ^F(n)f 2 (n,y) + l -F'{^)h(^y) + ~F(aO/i(a*,I/)- 
Since we are dealing with a degenerate equation, we will work with weighted Sobolev spaces. 
Definition 2.1. Let T > and n T = (0,T) x (0,T). VKe de/me 

#|([0,T] x <9X) = {/ G £ 2 ([0,T] x <9X), //" J 7 G ff s ([0,T] x 0X)}, with norm \\f\\ s ,j, and 
H?(Q T x dX) = {/ G L 2 (ft T x (/i + v)~ j f G H s (fl T x with norm |||/||| s j, and 



The next step is to prove 

Theorem 2.2. Let Jj(ji,y) G C°°([0,T] x <9Jf), j = 1,2, 6e suc/i that d*fj(0,y) = 0, k = 0,1,2,.... Let 
w satisfy (|2 . 5[) m fir x dX. Then there exists Tq > suc/i i/ia£ w has a C°° extension up to Qt x 
T<T . 

Proof. By finite speed of propagation, w £ C°°(£1t x dX), we want to establish the regularity up to the 
closure fix X We begin the proof with the following elementary lemmas: 
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Lemma 2.3. Let fi G (0,T), and w G C 00 ^^). Then the following inequalities are true 

r-b r-b 

(2.6) / (fi + ^-^wifi,^ 2 diy <2bfi- 1 - k \w(^^)\ 2 +b ((i + v)- k \d u w(^")\ 2 d ^ k E N, 

J LL J Li 

and 

(2.7) / {ii + vy^w^v)] 2 dn<2v- l \w{v,v)\ 2 + v I |0 M tfl(p, v)\ 2 d/i, keN. 

•J [a J a 

Proof. We write 

(2.8) u) = w(fi, fj,) + / d s w(n,s) ds. 
The Cauchy-Schwartz inequality gives 

\w(p, v)\ 2 < 2\w(n, y)\ 2 + 2{u - n) f \d s w{n, s)\ 2 ds. 

Since v > 

b rb f>V 

{^ + v)- l - k \w{^ 1 v)\ 2 dv <2(b- f i) f i- 1 - k \w(fi,iJ,)\ 2 + 2 / / (fj, + v)- k \d s w(n,s)\ 2 dsdv < 

,6 

2b^- 1 - k \w{ f i, fi)\ 2 + b / (^ + ^)- fc |9 s ^( M ,s)| 2 dv. 



The proof of (|2.7|) is identical, and this ends the proof of the Lemma. □ 
Lemma 2.4. Let £l a _b C &e t/ie region defined by 

(2.9) ft a , b = {(m,i>) : i> > M > 0, < a < fi, v<b}, 

let F(fi, v) G L x (yiT) and let oq < a < b. Then 



(2.10) / I / F{fi,u) dfidv) da= (fi - aa)F(n,v) dfjdv. 

Jag \Jn ab / JQa b 

The proof is a straightforward application of Fubini's theorem. 
Lemma 2.5. If /Lt~ m ~ 2 |u>(/x, /i)| 2 d/i and (/i + f)~ m |(9„ — d^w^dfidv are finite, then 



\-m-2|„,.|2. 



(2.11) 



JO 



H- m - 1 w( t i,fi)dfi+ f f (fi + iy)- m \{d u ~d^)w\ 2 d^. 
Jo Jo 



Proof. To see this it is better to rotate the axes fj, and v and use coordinates 

r = /! + v, t = v — fi, so 

(2.12) i i 

fi = -(r-T), u=-(r + r). 

In the region (i > 0, and T > v > /i, we have 

TV2 > r > r, t > 0. 

In these coordinates d v — d^ = 2d T and the diagonal [i = v becomes t = 0. We write, for r > r, 

it)(r, r) = iy(0, r) + / d s w(s,r) ds 
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Using the Cauchy- Schwartz inequality and the fact that r/r < 1, we have 

r- m - 2 \w{T,r)\ 2 < 2r- m - 2 \w k (0,r)\ 2 +2rr- ,n - 2 f \d s w k (s, r)\ 2 ds < 

Jo 

2r-™- 2 K(0,r)| 2 +2r~ m - 1 f ' \d s w k (s,r)\ 2 ds 

Jo 

Therefore 

m-2i„,.2/ _\|2 j_j„ ^ o / „-m-l\„..m „M2 



r -™-^|^( Tjr .)|^ drdr < 2 / r- m - i |w(0,r)|^ dr + 2 / / j- - *" - * / |a a io fc (»,r)r ds drdr 



o 

r- m - 2 |w(0,r)| 2 dr + 2 / / r"" 1 " 1 ^ - s)|9 fl «;(a, r)| 2 ds dr. 
Jo Jo 

We get the same bound in the region r > — r. Translating this back into coordinates \x and v we get 
(l2~TTT) . □ 

Now we prove uniform energy estimates up to {/x = 0}, {v = 0}. When n > 3 one can choose T such 
that if /i < To and is < To, B > i n ~ 1 ){ n ~ 3 ) _ When n = 3, B is not necessarily positive. In this case it 
is convenient to work with an eigenfunction decomposition. Let <fi k , k G N, be the eigenfunctions of A^ 
and let {X k }, k £ N, with = Afc_i < Afc be the corresponding eigenvalues. Let w be the solution to 
(|2.5p and let w k — (w,4>k) L 2 (dx)- When n = 3 and k = 1, Wi satisfies 

(W v) 2 d»d„ - 2^ Bl {^-)\ Wl = 0in (0,T) x (0,T), 
(2.13) V M + f H + v ) 



w 



with (/! = (/i, and g 2 = (/2; </>i)- It is clear that ||<7i|| S j < oo and Hgallaj < 00 f° r every s and j. 
We have 

Proposition 2.6. Let D, T = (0,T) x (0, T) and let w x G C°°(rj T ) safe/y (|2~13| m T . Suppose that 
||<Zi|| s ,j < oo and ||?2||s,j < oo, for all s and j. Then there exists Tq > such that W\ G C°°(flT), T < Tq. 

Proof. The proof relies on the following energy estimates: 

Lemma 2.7. Let w% G C°°(f2T) satisfy (|2.13p in fix- There exist To and a constant C — C(Tq) > such 
that if T < To, 

for any fixed fi G [0,T], / \d v Wi(fi, v)\ 2 dv < C(||gi|| 2 i + ||g 2 || 2 i ), 
(2.14) Jo 

and for any fixed v G [0,T], / |e?„ioi(/i, v)\ 2 dfi < C(||gi|| 2 i + \\q2W 2 i )■ 

JO > 2 > 2 

Proof. To prove this we first multiply (|2.13|) by (/i + is)^ 2 (d^ — d u )w\. We obtain 

\d v ((^wi) 2 + 2/ii/(/i + v)- 3 B lW 2 ) - l -d v ({d vWl ) 2 + 2nu(ji + v)- 3 B lW j) - ^ + u)- 2 B 2 w 2 = 0, 
where B 2 = 2^B 1 + 4^%#£! f- 2 ^). After we integrate it in n ab we obtain, 

i fb 1 rb 



((^wi) 2 + 2^( M + ^)- 3 S 1 |w 1 | 2 ) [a,y)dv+- J ({d^f + 2 M i/(/x + i/)- 3 Si|toi| a ) (/x,6)d/x- 
ijf { j i + u)- 2 B 2 \w 1 \ 2 d i idu = 1 ^j=J^ ( K {q 1 +q2) 2 + ql + \^ 1 B 1 { j i)ql ] jd^. 
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We apply Lemma I2TU1 to show that we can pick T such that for T < Tq, 

1 f b 

2/j,v((i + v) 3 |Bi||w;i| 2 (a, v)dv < 2a <? 2 (a) + - / (d v wi) 2 (a, v)dv, and 
j 2(iv((i + v)- 3 \B 1 \\w 1 \ 2 (^b)dfi<2b- 1 qj(b) + j[ (d vWl ) 2 (fi,b)dti. 

J a ^ J a 

Therefore 

{d uWl ) 2 (a,Li)dv + ~ [ (d fl w 1 ) 2 (n 1 b)dfi-^- f {^ + v)- 2 \B 2 \\ Wl \ 2 d^dv < 

a-Wia) + ft" 1 ^) + -1= J (fa + q 2 f + q\ + ^B^q^j d/i. 

If we drop the second integral from this inequality and integrate the remaining terms in a, with ao < a < 6, 
and use (|2.10[) we get that 

7/ (d v wi) 2 du- n(fj, + i/)- 2 \B 2 \\wi\ 2 d(J,dv < 
4 "'n aoi) ./n oob 

lT^{jx)dn + qj(b) + —j= / + a 2 ) 2 + <? 2 + a 2 ) d/i. 
We can use Lemma T2. 31 to show that 



(2.16) / {^ + v)- 1 \w l \ 2 d^idv <T I {d v wi) 2 dv+ \ \i~ x q\{\i) dfi. 

ao 



and therefore, if T is small, 

(2-17) I [ (d uWl ) 2 dv<q 2 (b) + C(\\ qi \\ 2 L + 1^1 L ). 

^ "aQ b 

Now we substitute (|2.17p and (|2. 16[) into (j2. 15[) and use that ||qi||L=° < ||<Zi||i,o an d deduce that 
1 f\„ ,0, , , 1 ' 6 



{d vWi y{a,v)dv+2 {d^iYMdv<C{\\ qi \\ 2 lk + ||<fe|£i). 

^ J a ^ J a ' 2 2 

By symmetry this estimate also holds in the region below the diagonal. This proves (|2.14p . □ 
Now we prove Proposition 12.61 For v > fi we write 

wi(ji,i>) = Wi / d s w 1 (fi,s)ds. 

J 

By the Cauchy-Schwartz inequality, 

M/i,f)| 2 < 2|u; 1 (/i, A i)| 2 + 2(^- M ) / |9 sW i(/i,s)| 2 ds, 
and we deduce from (|2.14| that if (//, v) £ Ht, with T < To small, 

( M + ,)- 1 K( ftt/ )| 2 <2 p - 1 « J ?( M ) + 2 ria.tWiOi.aJI^^CdlgxIl^i + llftll^i). 
By symmetry with respect to the diagonal, 

\wi<J*,")\ <C((lkiH? i + \\q2\\U)H» + ^, m 

A ' 2 x ' 2 
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From now on we will use C(gi, q 2 ) to denote a constant which depends on the norms ||<7i|| S j and Hg^Hs j 
for some s and j. We then go back to equation (|2.13[) and deduce that if (/x, v) £ Qt , 

[dpduWil = \2nv(n + v)- 3 B lW i\ < C{qi,q 2 )(p + v)-? 

thus 



\d v wi(n,v)\ < \d u wi(y,v)\ + / \d s d v wx{s,v)\ds < 
\d v wi{v,v)\+C(qi,q 2 ) / (fi + s)~^ds < C(qi, q 2 )(fi + v)% . 



A similar argument shows that 

\d^wx(fj,,u)\ < C(qi,q q )(n + v)* , if v > [i. 
By symmetry these estimates hold below the diagonal. This implies that 

\wi(ii,v)\ < C(qi,q 2 )(n + v)* in fl To - 
We then differentiate equation (|2. 13[) and find that 

d^wi = [fi(2fj, - v)(fi + v)~ 4 Bi - 2^v(p + vy 5 B[] wi + 2/zz/(/z + v^Bid^wi. 
We deduce that 

|^>i| <C(q u q 2 )(fi + v)-i 

which implies that 

|^a„K;i(/i,v)| < C(q 1 ,q q )(fi + v)? {d^w^fj,, v)\ < C(q t , q q )(fi + v)?, in Q To . 
A similar argument gives that 

\dfrwi(n,v)\ < C(qi,q q )(fj, + i>)2, in Q To - 

hence we deduce that 

\dnWi(p,u)\ < C{qx,q q )(n + v)i, \d v w x {n,v)\ < C{qi,q q ){p, + v)^. 
This argument can be repeated to show that 

\^d k v w x {n,v)\ <C(q 1 ,q 2 )( t i + u) m , j,k,m £ N in Q To . 
This implies the claim of Proposition ^. 61 □ 

Next we study the non-degenerate cases, i.e either n > 3 or if n = 3, J dx w — 0, i.e w is orthogonal to 
the first eigenfunction. 

Lemma 2.8. Let il T = (0,T) x (0,T) and let W £ C°°(n T ) satisfy 

(^ + v) 2 d,d v -<P{^)k hQ -B(^))w = G{^) in n T xdX 
(2.1oj \ }.i -\- y /i -f" v j 

W{fJ,,n) = qi(fi), d^W((J,,n) = q 2 {n). 
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If n = 3 we assume that J gx W = 0. Then there exists T > 0, depending on B and and a constant C 
depending on B and <fi such that i/|||G|||o,2 < °°j o,nd < °°) j — 1)2, 

(2.19) 

/or any /tied fi € [0, T] 

/ T / (|W^))| 2 + (// + ^)- 2 (|V fto W(/^)| 2 + \W(jiM 2 )dv < Cdkxll?,! + lk 2 ||?,i + IIIG|||g j2 ), 

and for any fixed v G [0, T] 

/ T / (IW/x.H 2 + ( A + ^)- 2 (|V fco W( M ^)| 2 + |W( M ^)| 2 )d;u < C{\\ qi \\\ A + + \\\G\\\l 2 ). 

JO JdX 

V llsillij < oo and 1 1 ^2 1 1 1 , § < 00 ) we a ^ s0 have 

{fi + iy)- 2 (^W\ 2 + v\d u W\ 2 ) + (p + u)-\\V ha W\ 2 + \W\ 2 )dfidvdyo\ ho < 

(2.20) Jn T xdx 

cniki|ll )f + lk2|^ s + |||G|||^). 

If ||3il|2,2 <oo, j = 1,2 and |||G||| 0) | < oo, then 

(2.21) / ( f , + V )- i (\V h0 W\ 2 + \W\ 2 )df,diydyol h0 < C|||G||| 0!| + CT(|| gi || 2 . 2 + lk 2 ||| 2 ). 

Jn T xdx 

Proof. To prove these estimates we multiply (|2.18j) by (/i + v)~ m (<9 M — d v )W, with m S M+, and integrate 
the product in Q a b, with a < b <T. The product is equal to 

\d v [(/x + ^) 2 - l |^^| 2 + (/i + ^)-" l (0|V, o W| 2 + B\W\ 2 )} - 
\d, [((i + u) 2 - m \d v W\ 2 + fa + u)- m (^ ho W\ 2 + B\W\ 2 )} + 

^^( M + uf-^^wf - {d u wf) + div, [(/i + ^-"^v^w^ - d v )w] + 

{v - + v)- m -\4l\^ h0 W\ 2 + B'\W\ 2 ), 

where <f>' and B' denote the derivative of <f> and B. Integrating this in fl a i, x dX and using the divergence 
theorem and the fact that {d u W){n,^) — gi(//) — <? 2 (m)j 



(2.22) 



[Gu + ^) 2 - m |a,vK| 2 + (/1 + ^)-™(0|v fto w^| 2 + bi^i 2 )] c^dvoi^ - 

Six9A 

[(/x + v?- m \d»W\ 2 + (fi+ ^)-™(</)|V^VF| 2 + B\W\ 2 )] dfidvol hQ + 

Y, 2 xdX 

m — 2 f 

{^ + y) 1 " m {{d^W) 2 -{d v W) 2 )dndudvo\ ho 

n ab xdx 



2 

(1/ - n){ii + vT^^'lV^Wl 2 + B'\W\ 2 )dndisdvol hQ 



n ab xox 



[ G{n + v)- m {d^ - d u )Wd[*dvdYol ho + 
Ja„ h xdx 



E 3 xOA 



>n ab xdx 

(2^) 2 - m ((a 2 ) 2 + (q' 2 - qi ) 2 ) + (2 At )-™(^( / i)|V^o 1 | 2 + Bfa)\ qi \ 2 ) d^o\ ho . 
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Here 

Si = Ei (a, 6) = {(a, v), a<v<b}, E 2 = E 2 (a,6) = {(u, b), < u < b} and 

(2.23) 

E 3 = E 3 (a, 6) = {(/i, v), li=v, < /i < &}. 

When n > 3, and T is small, i? is positive, but as we saw before, when n = 3 this is not necessarily 
the case. So when n > 3 we guarantee that the first two integrals in (|2.22|) are positive. When n = 3, 
-B(O) = 0. But we assumed that in this case J gx Wdvo\h = and therefore 



\V ho W\ z dvo\ ho > A 2 / \W\ 2 dvol ho . 

dX JdX 

Since A 2 > 0, if To is small the term in B\W\ 2 can be absorbed by the term in |V/ t0 M / | 2 . 

So we may assume that the second integral is positive. We drop it from (|2.22[) and integrate the 
remaining terms in the variable a, which determines Ei, with ap < a < b. Using (|2. 10[) we obtain 



(2.24) 
1 

2 



([(/i + vf- m - [m - 2)fx(fx + vf- m ] \d„W\ 2 + (m - 2)(ji + i/) 1 - fn /i|0 /t W| 2 ) d/idudvol ho + 

Ct anb xdX 



(p + u)- m {<jy\^ ha W\ 2 + B\W\ 2 )dfidudvol ho 

n aob xdx 



ti(v - n){ix + v)- l - m {\<l>'\\Vh W\ 2 + \B'\\W\ 2 )d^dvdvo\ ho < 

n aQb xdx 

T(||gi||i,^ + IMkfO + / + v)-™^ - d v )Wd^dvdvo\ ho 

Jn„ nh xdx 



When m — 2 this gives 

1 

2 



[\d„W\ 2 + (/i + v)- 2 ((f>\V ho W\ 2 + B\W\ 2 )] d»dvdvol ho 

n anb xdx 



(,i + ^-^l^'HV^^I 2 + \B'\\W\ 2 )diidvdvo\ ho < 

b xdX 

T{\\qx\\i,x + \\q2\\i,i)+T f \G\(ji + ^(d^ - d v )Wd^dvd vol ho . 

Jn aQb xdx 

If n > 3, then £> > and if T is small, the second integral can be absorbed into the first. When n — 3 
the argument used above shows that this can also be done. So we obtain 

1 



[\d v W\ 2 + (fx + v)- 2 (4>\V ho W\ 2 + B\W\ 2 )] dLidudvol ho < 

n anb xdx 



4 

T(\\qi\\i,i + \\q 2 \\i,i)+T I \G\(fi + v)-' 2 ^^ - d v )W\dndvdvo\ ho . 

Jn aob xdx 

Now we repeat this argument by dropping the second integral in (|2.22j) and integrate the remaining 
terms in b with ao < b < T. 



n aQT xdx 



[\d»W\ 2 + {li + v)- 2 (cj)\V ho W\ 2 + B\W\ 2 )] dixdvdvo\ ho < 



T(||gi||i ll + ||«ft||i,i) + T / \G\([i + v)- 2 1(0,, -d„)W\dpidvd vol h<) 

Jn aaT xdx 
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We now add these estimates 

[\d v W\ 2 + Id^Wl 2 + (ji + vy 2 (4>\V ha W\ 2 + B\W\ 2 )] d(xdvdvo\ ho < 



2T(\\ qi \\ hl + \\q 2 \\i,i) + 2T / \G\{/i + v)~\d^ - 8 v )Wd^dvd vo\ ha . 

Jn aoT xdx 

By the Cauchy-Schwartz inequality 

/ \G\{ l i + u)- 2 {d li -d v )Wd l idydvo\ ho <2\\\G\\\ oa + ^ [ (\d^W\ 2 + \d,W\ 2 )d^d v dvol ha 

If T is small this gives 

[\d„W\ 2 + \d^W\ 2 + {fM+ u)- 2 {4>\V ho W\ 2 + B\W\ 2 )] dfxdudYol ho < 

CT(||g 1 || 1 , 1 + ||( & || 1 , 1 + |||G|||o, 3 ). 

Equation (j2~T!))) then follows from (|2~2"2"|) . 

When m = 3 equation (|2.24p gives 



(p + u)- 2 {^\d^W\ 2 + v\d„W\ 2 )diidvdvo\ ho + 

n anb xdx 

(/i + v)-'\(j>\V ha W\ 2 + B\W\ 2 )d[idvdvol ho - 
[ ii + V r 2 {\4>'\\V ho W\ 2 + \B'\\W\ 2 )dtidvdYol ho < 

-3/ 



n anb xdx 



I , (||9i|| 1 2 + ||«&||ia)+ / \Gii{n + v)-\d^-d„)WWdvdvo\ ho . 

' 2 2 Jn aob xdx 

The Cauchy-Schwartz inequality gives 

IG^/i + i/J^^-^jWld/idi/dvol^ < 16T|||G|||2 2 + i / ^ + v )- 2 {\d^W\ 2 + \d„W\ 2 Wdvdvol ho < 
:i anb xdx 4 Jo a()6 

i6r|||G|||§ ia + i / (M + ^)" 2 (M|3^| 2 + ^|^iy| 2 )d^voU < 



o aoD 



Thus we obtain 



(p + vY'^d^wy + v\d v w\ 2 )diidvd voi, i0 + 

(/i + u)- 3 ((f>\V ho W\ 2 + B\W\ 2 )d»dvdYol ho - 

n anb xdx 



(H+ v)~ 2 {W\\SI ho W\ 2 + \B'\\W\ 2 )diid V dvo\ ha < 

b xdX 

rdkilkj + llftlki + IIIGllka) 

For small T , the third integral can be absorbed into the second and we obtain (|2.20l) . 
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Now we consider the case when m — 4. We deduce from (|2.24p that 
1 



2 



(2.25) 



[{u + vy 3 ((v - v)\d„W\ 2 + 2n\df,W\ 2 ) dfidvdvol ho + 
(fi + v)-\dp\V ho W\ 2 + B\W\ 2 )dtidvdvol ho - 

n aob xdx 

ply - + vy h {\$\\V ha W\ 2 + \B'\\W\ 2 )dfidisdvol ho < 

ln aQb y.dX 

mkilli.2 + lk2||i. 2 )+ / \G\^ + v y 4 \{d ll -d v )w\d^d v dYo\ ho 

Jn aQb y.dX 

We deduce from the Cauchy-Scwhartz inequality that 

\G\iiQj, + v)- A \\{d^ - d v )Wdfidvdvol ho < 



64|||G||| 2 a +- / ii 2 {ii + v)- 6 {\d^W\ 2 + \d v W\ 2 )dndvdvo\ ho < 
64|||G|||g fi + i / (M + ^)- 2 (Ml^| 2 + H^^| 2 )rf^vol ho , 



4 jn 

and from (|2.20[) we get that 

f \G\n(fi + ^)- 4 ||(^ - d u )W\diidvdvo\ h0 < C\\\G\\\ | + CT(|| g i|| 1)2 + ||q 2 ||i, 2 + |||G||| , 2 ). 

Jn a „ b xdx 

By substituting this into (|2.25l) we find that 
1 



2 



n aob xdx 



1 



[{p + vr 3 ((v - v)\d v W\ 2 + 2^W\ 2 ) dfidvdvol ho + 



, , {ix + v)- i {<t>\V ho W\ 2 + B\W\ 2 )diJLdvdvo\ ho 

(2.26) 1 Jn aab xdx 



J 

Jn, 



H{v - + v)- 5 (\cb'\\V ho W\ 2 + \B'\\W\ 2 )dfidvdvol ho < 
r(||« 1 || 1 , a + ||g a || 1 , a + |||G||| a , ) + 



Again, when T is small the third integral can be absorbed into the second and in particular (|2.21[) 
follows from (|2.26p . This proves Lemma |2~81 □ 

Now we are ready to prove Theorem 12.21 

Proof. We will concentrate on the cases not covered by Proposition 12.61 So we assume that if n = 3, 
J gx w dvol ho = 0. 

We can then apply Lemma \2~E\ to equation (|2.18|) with G — 0. We get that the solution w to equation 
(12.51) satisfies 



(2-27) ||Hllo,2<C(/i,/ 2 ). 

Since A/ l0 commutes with the equation, we also have 

(2.28) ||K oW ||| ,2<C(7i,/ 2 ), fc = 0,l,. 
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Now we differentiate equation (|2.5p with respect to the vector field — d v . Let Wj = (<9 M — d^w. We 
find that W\ satisfies 

f (At + vfd»d v - 0(J^)A feo - B(^-)) Wi = 2(1/ - n)(n + v^^'A^w - B'w) in n T x dX 

V /* "T" ^ — r ^ y 

= Qi(m), d M Wi(ji,n) = 

where Qi, Z\ G C°°([0, T]), depend on /i and /2 and satisfy 

a*Qi(0) = 0, 9^i(0) = 0, fc = 0,l,2,... 

Let Gx = 2{u - n){n + v)' 1 ^' A ho w - B'w). In view of (l2~27)l and (j^28)l . |||Gi|||o,2 < C(/i,/ 2 ). Then 
Lemma f2T8l guarantees that ||| Wi|j| 0j a < C(/i,/2)- So Lemma [231 implies that 



(2.29) ||H|| 0)S <C(f 1: h), |||A^«;||| 0i4 <C(/ 1> / 2 ) l 

(2.30) k = 0,1,2... 

But then |||Gi||| 5 < C(fi,f 2 ) and Lemma [2~8l guarantees that 

(2.31) ||]Wi||j ,2 < C(/i,/ 2 ). 
Then Lemma [2~5l gives that 

(2.32) |HI|o,3 <<?(/!, / 2 ), |||A ho «;|||o,3<C(7i J 7a). 



Now we differentiate f|2.5|) again with respect to <9 M — d v . We find that 

({fi + v)%du - <P(^)A h0 - B(^)) W 2 = 2{y - + v)-\cj>'A ho - B')W 1 + 

[-4(/i + v)- 1 ^^ - B') + 4(/i - uf{^ + v)- 2 (cj>"A ho - B")\ w in fi T x 8X 
W 2 (ti,fi) = Q 2 (m), ^Wi^.m) = Z 2 (n), 

Let 

G 2 = 2(y - /i)(At + i/J-^^A^ - B')Wx+ 
[-4(/i + v)-^^ - B') + 4(/i - */) 2 (M + f) _ V'Aft - B")] u; 

□ 

In view of (|23T|) and (fQ^ . |||G 2 ||| ,2 < C(f 1 J 2 ), but then it follows from Lcmmal2"%lthat |||W 2 |||o,§ < 
C(/i,/ 2 ). Then Lemma [2JJ implies that |||Wi||| j < C(fi,f 2 ), and so ||Mllo,2 < C(Jx,J 2 ). This implies 
that in fact |||G 2 ||| 0; 5 < C(/i,/ 2 ), and therefore |||W 2 |||o, 2 < C(/i,/ 2 ). Now we differentiate the equation 
again and repeat the argument. We find that 

IIK^-^'HIlo,! <C{Jx,h), j = l,2,... 
and by Lcmma l2.5l we conclude that 

(2-33) IIMHoj <G(/i,/ 2 ), IHA^HIIo,,- <C{h,J 2 ), k,j = 1,2,... 
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Now we go back to equation (|2.22[) and apply it to the solution w to (|2.5p . In this case G = and we 
obtain 

If [(/* + vf- m \dM 2 + (P + v)- m (<f>\V ho w\ 2 + B\w\ 2 )] dvdvo\ ho + 

1 JT.xy.dX 

[(ji + vf- m \d^w\ 2 + (p + v)- m (cp\V ha w\ 2 + B\W\ 2 )] dfidvol ho + 



1 

2 Js 2 xdX 

(2.34) ^— - / (m + vY^iid^w) 2 - {d v wfWdvdvo\ ho + 

1 Jfl ab xdX 

{v - + ^-"VlVftowl 2 + S / |«7| 2 )dA*di/dvol Ao 



1 



(2M) 2 " m ((/ 2 ) 2 + (/2 - /i) 2 ) + (2//)- m (0(/i)|V ho /i| 2 + S(m)|/i| 2 ) ^vol, 

Z 3 xdX 



2V2 

The term 

+ v) 1 -™^^) 2 - {d v w) 2 )dndvdvo\ ho = [ (n+ i/) 1 - m ((S^ 1 - V M((0 M + d v )w)dndvdvo\ ho < 

£l ab xdX Jn ab xdX 

2 / (m+ ^) 2 " 2m |(9 Al - 1 >| 2 ^dvoh to +2 / 1(0,, + I/ )t ( ;| 2 d/id^vol ho < C(f 1: f 2 ), 

Jn ab xdX JQ. ah xdX 

and from (|2.33[) we have that 

/ (y- / i)( A1 + ^- 1 - m (0'|V ftoW | 2 +B'\w\ 2 )dvdvdvol ho <C{hJ 2 ). 
Jn ab xdx 

Therefore we conclude that 

~ / [(/1 + ^) 2 - ro |0^| 2 + {(i + v)- m (0\V ho w\ 2 + B\w\ 2 )} dvdvo\ ho + 

[{ft + u) 2 - m \d^w\ 2 + (ji + u)- m (<t>\V ho w\ 2 + B\W\ 2 )] dfxdvol ho < C{hJ 2 ). 
Now we write, for m > 2, 

\{li + vf- m w{ii,v)\ < 2ti 1 - m \w( f i, f i)\+2(n + vf- m f ' \d s w{^s)\ 2 ds < 



(2.35) 1 
2 



T, 2 xdX 



(2.36) 

2^- m \w^,^)\+2 I ^ + S ) 2 - m \d s w( f i, S rd S <C(f 1 J 2 ). 



Now we argue as we did in the case of wq, and conclude that w £ C°°(f2T x dX). This ends the proof of 
Theorem □ 



To prove Theorem ll.3l we need the following: 

Lemma 2.9. Suppose that f £ S(X) and 1Z+(0, f)(s, y) = for s < sq << 0. Let u be the solution to 
(|2.1|) and let w be the function defined by u in (|2.4[) . Then 

0>(O,i/,y) = O »/!/<—, fc = 0,l,... 

(2.37) 8 ° 

0>(/x,O,y) = O if fi< , fc = 0,l,... 

so 
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Proof. Suppose lZ + (0, f)(s,y) = for s < s . Since the initial data is of the form (0,/), the solution u 
of (|2.1[) is odd in time, and therefore lZ-(0, f)(s, y) = if s > —sq. Since w is smooth up to {/i = 0} and 
{y = 0}, this means that 

d„w(0, v, y) = \{v<- — , duw(n,0,y) = if /i < - — . 

so so 

We know from (|2.36[) that w vanishes to infinite order at {[j, = v — 0}. Therefore 

w(0, v, y) = if i/ < , u>(/z, 0, y) = if /i < . 

so ' s 

From the equation (|2.5p . we conclude that 

if p ^ 0, ^flvteOi, 0, y) = n~ 2 (<j)(0)A ho + B(0)Mm, 0) = 
if u £ 0, flp&tuCO, i/, y) = (0(0) A, l0 + fl(0))tu(0, i/) = 0. 
Using that iu vanishes to infinite order at = i/ = 0}, 

duw(0, v, y) = ifi/<— — , 

so 

d u w(p, 0, y) = if u < . 

so 

Now we differentiate equation (|2.5p with respect to /i we find that 

(ji + v) 2 dld v w + 0A fto a M w + B^to + 2(/i + y)d tl d v w + v 2 {p + u)- 2 A ho w + i/ 2 (/i + v)~ 2 B'w = 
Hence, 

iff^O, ^«;(0,i/,tf) = 0. 
Since to is smooth, and vanishes to infinite order at /i = v = 0, 

<9 2 w(0,tAy) = if i/<~. 
F s 

By symmetry, 

9>( M ,0,y) = ifp<--. 

so 

Since away from {// = f = 0} the coefficients of (|2.5[) are smooth, we can repeat the argument to prove 
that all derivatives of w vanish at {/x = 0, v < — ^-}U{^ = 0, /U < — j^}- □ 

3. Carleman Estimates 
Let w be a solution to (12. 5|) with /i = and f 2 = f = ^^F(p)f(p, y), and let 

w k {p,v) = (w([j,,v,y),(f>k(y))LZ(dx,dvo\ ho ), 

where fc = 1, 2, ... are the eigenfunctions of A^ with eigenvalue Xk, where = Ai < A2, and A& < Afc+i, 
for k > 1, and A fc -> 00. Then w fc £ C°°([0,T] x [0,T]) satisfies 

{{p + ufd^ + Fui^v)) w k =0m [0,T] x [0,T], 

w k {n,n) = 0, dpWk(jt,(J.)=fk(p) = {f,<l>k), 2 = 1,2. 

Here F fc (^, 1/) = A fe ^(/x, 1/) + z/). 

By assumption it) vanishes to infinite order at {/i = 0} and \v = 0}. Thus so does Wk{n, f), k = 1, 2, ... 
We will prove that under these assumptions there exists e > 0, independent of k such that Wfe(/z, z/) = 
if /i < e and z/ < e. In particular /&(/») = 0, k = 0, 1, 2, ... if /1 < e, and hence /(a;) = if x < e. 
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It is convenient to work with coordinates r and r defined in (|2.12p . The main ingredient of the proof 

is 

Lemma 3.1. Let U be a neighborhood of (0,0). Let 

P k =r 2 d 2 r -r 2 d 2 T + F k (r,r), 

where F k (r,r) = \ k <f>{ r )~-^( T 2r )• Then there exists C > 0, independent ofk, and 70 = 7o(fc) such 
that for every 7 > 70, and every u £ C£°(U), which is supported in {(t, r) : r > and — r < r < r}, 

(3.1) ||r^- 2 P fc u|| 2 > C (^Wr^drr^uW 2 + 1 2 \\r- 1 -^d T u\\ 2 + 1 4 \\r-i- 2 u\\ 2 ) . 

Here \ \ ■ \ \ denotes the L 2 (U) norm. 

Proof. Let 

P y ,k = r-~<- 2 P k r\ P^ k = r- 2 P k + 2 1 r~ 1 d r + 7(7 - l)r" 2 . 
The support of u is contained in {r > 0} and {r > r > — r}. So we write 

u = r 7 u, and r~ J ~ 2 P k u = P ltk v. 

We have 

M^^^M 2 = Ik- 2 ^.^!! 2 + 4 T 2 ||^- 1 <9 r .z;|| 2 + -y 2 ^ - l) 2 ||r-- 2 ^|| 2 + 4 T (^- 2 J- fc ^, ^~ 1 6» T - U > + 

(3 2) 

27(7- \){r~ 2 P k v,r- 2 v) +4 7 2 (7- l)^ 1 ^, r~ 2 v). 

Now we integrate by parts to compute the inner products (r~ 2 P k v, r d r ), (r~ 2 P k v, r~ 2 v) and (r~ 1 d r v, r~ 2 v). 
We begin with 

(r^drV^r^v) = i J r- 3 d r v 2 drdT = ^||r- 2 v|| 2 . 
(r~ 2 P k v, r d r v) has two terms: 

{(dl-d^v^r^drv) = i J r^dridrvfdrdr- J r^dfdrVdrdr = ^\\r- 1 d r v\\ 2 + ^\\r- 1 d t v\\ 2 , 

and 

(r^FkV^r^drv) = ^J r~ 3 F k d r v 2 drdT = ^J r - 4 (F k + rd r F k )v 2 drd T > -C(X k + l)||r- 2 V || 2 . 

(r~ 2 P k v ,r~ 1 d r v) also has two terms: 

((d 2 - d 2 )v,r- 2 ) = 3||r- 2 W || 2 - Hr -1 ^! 2 + Wr^dtvf. 

and 

(r- 2 F kVl r- 2 v) > -C(X k + l)||r- 2 V || 2 . 
Putting these estimates together we find that 

\\P 7 , k v\\ 2 > (2^ + i^Wr-'drvW 2 + 2 1 2 \\r- 1 d t v\\ 2 + 
( 7 2 ( 7 - l) 2 + 6 7 2 (7 - 1) + 67(7 - 1) ~ 4C(A fe + 1)7 - 27(7 - l)A fe )||r- 2 t;|| 2 . 
Thus, if 70 »C(A fc + l), 

\\P-y,kv\\ 2 > C(7 2 ||r- 1 a r i;|| 2 + 7 2 ||r- 1 9 t w|| 2 +7 4 ||r- 2 w|| 2 ). 
Since v = r~ 1 u this implies that 
(3.3) \\r-t- 2 P k u\\ 2 > C(7 2 ||r-^ r r- 1 U || 2 +7 2 ||r- 7 - 1 c)^|| 2 +7 4 |k- 7 - 2 M|| 2 , 7 > 7o- 
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4. Proof of Theorem 11.31 

To prove Theorem 11.31 we apply Lemma 13.11 to x{ r ) w k, with x G C°°{— T, T), such that x( r ) = 1 if 
\r\ < f and %(r) = if \r\ > f . 
As a consequence of (|3.3p . 

||r-^ 2 P OT || >C 7 4 ||r-^ 2 XWfc || 2 . 

Notice that, since PfeWfe = 0, 

PkX(r)w k = r 2 x"{r)w k + 2r 2 x' (r)d r w k , 
and therefore Pkx( r ) w k is supported in -j < r < -j. Thus 

||r-^ 2 P feXU ; fc || 2 < C(x, Wfc )r- 27 - 2 4 2 ^+ 2 

But since x(r) = 1 if r < T/4, 

Hr-^X^H > ||r-^- 2 ^|| i2(B(0 , f)) ^T-^-W 2 !!^!!^^^.)), 
where | |^fe| ] jl 3 (b(o 2)) ^ s the i 2 norm of Wfc on the ball centered at (0, 0) and radius -j. So we have 

C(x,w k ) > Ci 4 \\w k \\ L 3( B ( ^, 7 > 7o- 

Letting 7 00 gives 

lkfe||i2( B (o,^)) = 0. 

Since T does not depend on k we conclude that w = in i?(0, ?). In particular this shows that f{x) = 
if x < ^. Therefore / is compactly supported. Then Theorem 11.31 follows from Theorem 11.21 

Notice that the weight in the Carleman estimate depends on the eigenvalue . The bigger the eigen- 
value, the larger the parameter 7 has to be. 

□ 
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